ABSTRACT. The Mercier stability behaviour of toroidal Heliacs can be dominated by pressure induced current parallel to the field lines which are resonant with values of the rotational transform per field period included in, or close to, the configuration. This issue is discussed with reference to a parameter survey for the H-I Heliac. It is shown that the calculated magnitude of the critical \i3) against Mercier instability may vary, depending on whether the parallel currents are calculated directly from the curl of the magnetic field obtained from a 3-D equilibrium code or, alternatively, from an algebraic expression derived from the appropriate magnetic differential equation.
INTRODUCTION
Toroidal Heliacs are presently operating, or are being constructed, in Australia, Japan and Spain [1] [2] [3] [4] . They are low shear stellarators with a high rotational transform per field period and a deep magnetic well, and are close relatives of the W VII-AS [5] and Helias [6] [7] [8] stellarator family -the latter being low shear stellarators with a low rotational transform per field period and a generally shallower magnetic well. Both classes of low shear stellarators rely on the magnetic well as the principal mechanism of MHD stabilization and owe their existence to a series of design studies based on the Mercier and ballooning localized stability criteria. The Heliac concept was revived in the early 1980s because of computational studies in the limit of helical symmetry which showed average beta limits for stability against Mercier and ballooning modes in excess of 30 % [9, 10] . The W VII-AS/Helias design philosophy has been to design a fully toroidal magnetic field which will minimize the destabilizing contributions to the Mercier and ballooning criteria -specifically the pressure induced Pfirsch-Schliiter current parallel to the magnetic field lines. They are also optimized with respect to neoclassical transport.
In any toroidal stellarator the lack of a twodimensional symmetry causes the magnetic surfaces of the vacuum field to open up into islands and stochastic regions at rational values of the rotational transform per period, L p ' That the presence of low order rational surfaces within a low shear plasma at finite pressure can be catastrophic was demonstrated experimentally NUCLEAR FUSION. Vo1.32. No.l1 (1992) by the small SHEILA Heliac, which recorded a large particle loss rate when the L p = 1/2 surface was included inside the confinement region [1] . Although the influence of islands and stochastic regions on plasma equilibrium, stability and transport is actively being studied, much design and analysis of stellarator configurations is still carried out using computer models which assume nested flux surfaces within the plasma region. In particular, the VMEC equilibrium code [11] [12] [13] [14] [15] [16] is widely used.
Up to the start of operation of the H-l Heliac [2] , we have been using the VMEC code and the Mercier criterion to survey a parameter space of acceptable configurations, and details of our results are presented in Ref. [17] . In the present paper we discuss two representative configurations from this parameter survey with respect to the physics issue of how close one can come to a low order rational surface which is not included in the range of L p inside the plasma. The resolution of this question has much bearing on the prospect of high transform, low shear stellarators as eventual fusion reactors and should be an important part of the experimental programme of the medium sized Heliacs H-l and TJ-II.
FEATURES OF HELIAC STABILITY
In the helically symmetric limit, the Heliac consists of a helically symmetric solenoid combined with a straight central conductor along the axis of symmetry (Fig. 1) . In cross-section, the plasma has a characteristic bean shape which increases in indentation as the current in 2009 helically symmetric Heliac is shown schematically in Fig. I , where the stability boundary increases with magnetic well depth. At reasonable values of the magnetic well, fixed boundary equilibria were shown to be stable to ((3) values in excess of 30 % [9, 10] .
A feature of these stability studies was that localized modes were found to be more dangerous than the global modes considered and that, for low to moderate ((3) , the stability boundary could be obtained from the Mercier criterion. Free-boundary equilibrium effects were shown to have an additional stabilizing influence on localized modes [18] .
The principal components of a toroidal 'flexible' Heliac [19] [20] [21] are shown in Fig. 2 . The toroidal field (TF) coils, made up of circular coils, spiral about a planar central conductor (CC) around which a helical conductor (HC) is also wound. The configuration is completed by a set of vertical field (VF) coils. In its initial phase, H-I was designed to operate the TF and CC currents in series (to minimize the effects of current variations) so that the HC coil current is the parameter which controls the ('helical') magnetic well and the rotational transform as in the helically symmetric case. In addition, the VF coils allow some variation in the ('toroidal') magnetic well with little change in the rotational transform. The TJ-II Heliac, on the other hand, will have the flexibility of being able to vary the CC and HC currents independently of the TF coils so that it will be possible to change the (helical) magnetic well with little change in the rotational transform. the central conductor is increased, with the solenoidal field held constant. This increase in indentation is accompanied by a deepening of the magnetic well and an increase in the (equivalent toroidal) rotational transform. A stability diagram for the fixed boundary,
THREE-DIMENSIONAL EQUILIBRIUM
A procedure for solving fixed-boundary equilibria with the VMEC [11] [12] [13] [14] [15] [16] equilibrium code, starting from puncture plots of a vacuum stellarator field, is described in Ref. [22] . The equilibrium code uses a set of flux co-ordinates (s, e, ¢), where s is a radial co-ordinate equal to the normalized toroidal flux, eis a poloidal angle and ¢ a toroidal angle. The magnetic field lies in the surfaces of constant s, which are assumed to be nested about a single magnetic axis, and has the contravariant representation B =~'VS x ve -X'Vs x V¢ + Vs x vA. (I) where 27l'~(s) and 27l'x(s) are, respectively, the toroidal and poloidal fluxes, and primes refer to differentiation by s. The angle ¢ is, in VMEC, equal to the usual cylindrical angle, and the periodic function A. is calcu-
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NUCLEAR FUSION, VoI.32. No.11 (1992) The equilibrium is solved by minimization of the MHD energy functional lated to minimize the 'spectral width' of the representation of the cylindrical co-ordinates Rand Z:
In the numerical calculations described in this paper the equilibrium satisfies the condition that there be no net current on each surface within the plasma.
We choose here two H-l configurations which are representative of the parameter survey of Ref. [17] , but consider only a broad pressure profile, corresponding to a mass profile linear in s, which has been used elsewhere [17, 22] . An important point in considering our results is to note that the pressure gradient is finite at the plasma boundary. Configuration (a), shown in Fig. 3 , is the so-called 'standard' configuration, with no current in the helical conductor and with a particular vertical field, Configuration (b) (Fig. 4) is a deep well case where the HC current is 8 % of the CC current. The two configurations correspond to cases (a) and (e) of Table II in Ref. [17] .
where ' Y is the ratio of specific heats, and the pressure pes) is related to the mass profile by m(s) = p(s)V''Y. The term D s , which scales as the square of the shear, and the term Dr. which has a part that scales as the net toroidal current, are small for low shear, net current free stellarators. The two remaining terms can be written (7) (6) (10) 
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This expression shows the dominant competition between the stabilizing magnetic well V", weighted by p', and the destabilizing total current integrated over a flux surface. It is a good approximation to the ideal Mercier criterion for low shear, net current free equilibria and is almost the same as the resistive Mercier criterion which does not have the shear stabilizing term D s [28] .
In , the Mercier terms are calculated from Eq. (6) in VMEC units, where the primes refer to differentiation by s.
where~= [Vs'(VO X V¢)]-I is the Jacobian of the transformation to flux co-ordinates (s, 0, ¢), and integrations over 0 and ¢ are denoted by (... ) == J J .. .dOd¢.
The condition of zero net longitudinal current also implies that the last term of Eq. (8) will be small, which reduces the Mercier criterion to
For the purposes of this discussion we shall use a form of the Mercier criterion (originally derived in Ref. [25] and given in Refs [26, 27] ) which has been used widely in the literature. The ideal Mercier criterion predicts stability when It was already demonstrated (Ref. [22] ) that a large number of boundary harmonics may be needed to accurately reproduce the rotational transform and specific volume profiles of a toroidal Heliac. In the case of H-1, it was necessary to use 176 boundary harmonics (39 for ATF [23] and 137 for W VII-AS [24] ) to capture the effect of the coil ripple (12 per period) . We typically increased this number to 218 (with the poloidal mode index m running from 0 to 7 and the toroidal index n running from -14 to 14) to calculate VMEC equilibria (although evidence is presented in Section 8 that many more modes than this may be needed to correctly capture the magnetic well at the edge). Under these conditions it was possible for a vacuum run to reproduce the L profile from field line tracing to better than 0.4 % in the centre of the configuration. In our studies, we used the preconditioned version of VMEC [15] which gives an increase in speed of about one order of magnitude, in satisfactory agreement with the older version of VMEC, for the cases compared by us. For these H-1 cases, the convergence of VMEC deteriorates with increasing m and n, as well as with ( (3) at fixed m and n. For example, whereas the convergence parameter f tol [11] [12] [13] [14] [15] [16] and 7 converged to a minimum of 2 x lO -11. If left unchecked, the equilibrium code will, after a number of iterations at its minimum energy level, develop a numerical instability at the magnetic axis which is related to the difficulties of treating this critical point of the co-ordinate system discussed in Ref. [16] . In practice, in the calculations discussed here, we have usually adopted the convention of only considering equilibria where f tol had converged below 1 x 10-9 , the exception being the convergence example of Fig. lOc (the results of which suggest that the value of f tol by itself is not a good indication of the accuracy of the solution). The change in the MHD energy, dIn Wldt, in all cases described here was of the order of lO-10. We typically used an (s, 0, ¢) mesh of (39,20,32) points and did not observe a significant trend in the results of the equilibrium runs when refining the angular grid. Convergence studies in the radial direction and in the number of Fourier modes are described below.
The singular nature of Eq. (10) The two H-I configurations described in Section 3 exhibit a behaviour which is typical of the parameter range, using the broad pressure profile, which we considered in Ref. ]17]. The rotational transform profiles of these configurations, in vacuum and at ({3) = 1.35 %, are shown in Fig. 5 . Configuration (a) has a vacuum rotational transform profile per period which ranges from 0.372 at the magnetic axis to 0.385 at the edge, and a net magnetic well of 1. 3%. The vacuum surfaces are limited by the islands corresponding to L p = 2/5, and the configuration includes the t p = 3/8 surface, which appears to be narrow in the field line tracing puncture plots. As the pressure is increased in fixed boundary VMEC equilibrium runs (with a linear mass profile m(s) oc (1 -s», calculations of the ideal Mercier criterion with the JMC code show the plasma to be stable up to ((3) = 0.95 %. At this pressure the configuration just starts to become unstable at the edge and around the t p = 3/8 surface closer to the magnetic axis. (The 3/8 surface, being included in the vacuum region, will always be unstable, but it is at this ( (3), with a radial grid of 39 points, that it first causes the Mercier criterion to become negative.) The region of instability at the edge grows quickly with a further increase in pressure. At ((3) = 1.17 %, for example, the plasma is Mercier unstable for 0.29~s 0.42 and for s~0.62. A major contributor to the unstable region at the edge is the t p = 2/5 harmonic corresponding to a surface in the vacuum region outside the configuration. (11) into Eq. (10) gives an expression for the X mn in terms of the expansion coefficients of I/B 2 , I/B
where I p is the poloidal current (see Appendix 1 of Ref. [28] ). The 'small denominator' divergences at rational surfaces of Eq. (11) are at the heart of the 'equilibrium controversy' [27, 30] about whether smooth solutions to the MHD equilibrium equations can exist for stellarators in three dimensions. In real threedimensional equilibria, rational values of L p are associated with the presence of islands, and boundary layer calculations using the 'small island approximation' have shown that the island width can be related to a form of the resistive Mercier criterion excluding the resonant term [31, 32] (although it is not clear whether this approximation is applicable to low shear Heliac equilibria). In computer models such as BETA [26] and VMEC, which find the minimum of the energy functional of Eq. (5) assuming nested flux surfaces, the magnetic islands are replaced by discontinuities in the vector components of B(produced by current sheets) which preserve the continuity of the magnetic pressure B 2 /2,uo: these models find weak solutions to the MHD equilibrium equations [27] .
To evaluate the parallel current for stellarator design studies, the series for X is, necessarily, truncated at some finite value of m and n, so that the problem of singular currents at higher order rational surfaces is effectively ignored. In cases where isolated lower order singularities occur within a stellarator configuration, it might be argued that they will be stabilized by a local flattening of the pressure profile. Critical pressure profiles for such cases have been obtained by iteration of Eq. (9) [6, 28] .
We used the JMC code of Niihrenberg and Zille [33] to evaluate the full ideal and resistive Mercier criteria using Eq. (11); we call this the 'indirect' method . For the H-I cases in our parameter survey of Ref.
[17], the ideal and the resistive criteria gave very similar marginal points. We also compared our results with calculations of the Mercier criterion using the parallel current obtained directly from a simple differencing of the solution magnetic field output by VMEC. We find that the 'direct' method does not show the I/(L -n/m) resonant behaviour expected from Eq. (11) Fig. 6a. ----e-(2,1) (3, 1) .. +. t----1----+---t----+--,-,..,-t The vacuum configuration of the deeper well case, Configuration (b), has a transform range of 0.433 :5~p :5 0.442 and a net magnetic well of 3.2%. As the pressure is increased, with the linear mass profile, the transform at the edge increases to encompass thẽ p = 4/9 surface. This gives Mercier instability at ({3) = 0.6 %, but the region of instability remains localized at the edge of the configuration. If this resonance is omitted from the mode sum to calculate the parallel current term X of Eq. (11), then the configuration goes unstable at the edge at ({3) = 1.3% and the region of instability grows more quickly into the interior of the plasma with increasing pressure. ----e-(2,1)
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Figures 6a and 7a show the dominant (as measured at a value of the normalized flux of s = 0.8) components of Xlp' for the two configurations at ( (3) about 1.3%. In these figures the (m = 1, n = 0) harmonic corresponds to the toroidicity driven current, and the (1, 1) component is the dominant helical harmonic. Other contributions are resonant with the appropriate L p = nlm surface. In Fig. 6a, the localized 3/8 resonance is shown, as well as the large contributions of the 112, 2/5 and 1/3 modes. The variation in the magnitudes of these components of Xlp' across the configuration is due to the variation in the components of the magnetic field strength as well as to the changing rotational transform. In Fig. 7a , the contributions of harmonics resonant with L p = 112 are much larger than in Fig. 6a , as one would expect. Even if one were able to tune out the isolated resonances with a very flat rotational transform profile in this region, the comparatively large contribution of the t p = 1/2 harmonic would be sufficient to largely counteract the stability advantages of having a deeper magnetic well. (13) and calculating the radial derivatives using centred differences. The Mercier criterion is then evaluated in the VMEC co-ordinate system. Using this method, we obtain a critical ((3) of 1.3% (0.95% for the indirect method) for Configuration (a) and 1. 9 % for Configuration (b) (0.6% or 1.3% for the indirect method, depending on whether or not the 4/9 resonance is taken into account). Further, the region of instability does not appear first at the edge but at about s = 0.3. A simple variation of the direct method described above is to transform the currents calculated from Eg. (13) Fig. 7 with an (s, 8, c/» grid of (39, 20, 32) . The methods for calculating the parallel current are labelled as in Fig. 8a . 5 -1--t---i--+---1--+--I-'--4 Figs 8a and 8b . There is no evidence that the dips into the unstable region associated with the 2/5,419 and 1/2 resonances, as calculated by the indirect method, are caught by the direct methods. In the case of the 3/8 resonance, the positive bump on the dashed lines of Fig. 8a is probably due to numerical error. In Fig. 8b , for Configuration (b), the effects of shear stabilization and an increased magnetic well at the edge are shown most clearly by the dashed curves. The fact that the two direct methods agree well is a check that the average error in the transformation to Boozer co-ordinates is small (comparing L in the two systems -for the equilibrium of Fig. 6b -the difference in L between the two co-ordinate systems is less than 0.001 %). In Figs 9a and 9b , the integrals involving the parallel current, for Configuration (b), are shown It is possible to measure the local accuracy of the transformation to Boozer co-ordinates by transforming the cylindrical co-ordinates, Rand Z, which specify the flux surfaces. The results of this diagnostic for the equilibria corresponding to Figs 8b and lOc are presented in Figs lla and llb, respectively. The convergence of the well term in the Mercier criterion appears to be associated with this reduction of the local error in the transformation to Boozer co-ordinates. We note that these mode arrays are considerably larger than those used previously for Heliac equilibria [22] but that, because of the importance of the (near) resonant terms in the calculation of the parallel current, the marginal points to Mercier instability are relatively unchanged if the indirect method is used. The equilibrium run for case lac took half an hour on the Fujitsu VP2200.
The Mercier criterion calculated by all three methods is shown in
Our experience with modelling H-l is that the resonant structure of the Pfirsch-Schluter currents is not properly caught by the direct method and that the absolute difference between the two methods of calcuo r-__~-_._~~~Ciurr;;;e;n:t:.::di~re;;:c~t "- with and without the (2, 1) contribution to the parallel current. Leaving this contribution out makes the direct method comparable to the base line of the indirect method (neglecting the spike due to the 4/9 resonance in this case).
Refinement of the angular mesh in the equilibrium makes little qualitative change to these results; an example of a case with 400 points is shown in Fig. lOa . The results of a convergence study in the radial direction are shown in Figs 7c and lOb. In this study the number of s grid points was increased in the sequence (12, 23, 45, 89, 153 ) using a restart version of VMEC (but with the convergence parameter f tol = 5 X 10-11 as before). It can be seen that the (2, 1) mode line in Fig. 7c has moved closer to the results for the indirect . 5 +---l,....--+--+--+--+--+--+--t (39, 32, 60 2017 us to conclude that the indirect method should be used if the Mercier criterion, as written in Eq. (6), is used to design future stellarators with a specified ({3) limit. In real three-dimensional equilibria, the local flattening of the pressure profile in the vicinity of a low order rational L p will go some way to resolving the difference between the direct and indirect methods. Once again, if a critical pressure profile is to be calculated, then it should be done using the magnetic differential equation as in Refs [6, 28] . According to an evaluation of the Mercier criterion using a magnetic differential equation for the parallel current, the competition between the effects of low order rational surfaces and of deep magnetic wells is a fundamental characteristic of the theoretical stability behaviour of low shear, high transform, low aspect ratio stellarators such as the Heliac. Fixed boundary studies assuming nested flux surfaces show that low order rational surfaces can exert a strongly destabilizing influence even if they do not lie inside the configuration in question. We have compared a calculation of the equilibrium parallel current from the curl of the magnetic field obtained from VMEC with an analytic form which depends on the transformation of l/B 2 to straight magnetic field line co-ordinates. The resonant denominators of the latter do not appear to be properly caught by the VMEC fields themselves, so that the two methods can give somewhat different results for the critical ({3) stability limits.
On the basis of our results, we would recommend that calculated stability limits be checked against expansion of the mode arrays inside the plasma region. The comparison with experiment should aim to determine over what fraction of the plasma radius the Mercier criterion needs to be violated in order to be associated with MHD activity and whether the contribution of individual resonances can be measured as magnetic signals with a particular mode number. This comparison will have to be made with a range of pressure profiles consistent with the experimental data.
Calculations of the stability of global modes will also have to be compared with experiment, and we remark that other studies, including some of our own, show that the Mercier criterion might be pessimistic when considering the critical ({3) for non-linear global modes [26, 34] . 11 (1992) 
